Non-Gaussian isocurvature perturbations in dark radiation by Kawakami, Etsuko et al.
ar
X
iv
:1
20
2.
48
90
v2
  [
as
tro
-p
h.C
O]
  2
0 J
ul 
20
12
ICRR-Report-609-2011-26
IPMU 12-0024
UT-12-02
Non-Gaussian isocurvature perturbations
in dark radiation
Etsuko Kawakamia, Masahiro Kawasakia,b, Koichi Miyamotoa,
Kazunori Nakayamab,c and Toyokazu Sekiguchid
aInstitute for Cosmic Ray Research, University of Tokyo, Kashiwa 277-8582, Japan
bInstitute for the Physics and Mathematics of the Universe, University of Tokyo,
Kashiwa 277-8568, Japan
cDepartment of Physics, University of Tokyo, Bunkyo-ku, Tokyo 113-0033, Japan
dDepartment of Physics and Astrophysics, Nagoya University, Nagoya 464-8602, Japan
Abstract
We study non-Gaussian properties of the isocurvature perturbations in the dark
radiation, which consists of the active neutrinos and extra light species, if exist.
We first derive expressions for the bispectra of primordial perturbations which are
mixtures of curvature and dark radiation isocurvature perturbations. We also discuss
CMB bispectra produced in our model and forecast CMB constraints on the non-
linearity parameters based on the Fisher matrix analysis. Some concrete particle
physics motivated models are presented in which large isocurvature perturbations
in extra light species and/or the neutrino density isocurvature perturbations as well
as their non-Gaussianities may be generated. Thus detections of non-Gaussianity in
the dark radiation isocurvature perturbation will give us an opportunity to identify
the origin of extra light species and lepton asymmetry.
1 Introduction
Recently, several cosmological observations independently suggest that the effective num-
ber of neutrino species in the Universe is larger than the standard value, i.e. ∆Neff ≡
Neff − 3.04 ≃ 1. According to recent observations of the primordial abundances of light
elements, it is constrained as Neff = 3.68
+0.80
−0.70 at 2σ level (with slight dependence on the
center value on the measured neutron lifetime) [1]. On the other hand, recent observa-
tions of the cosmic microwave background (CMB) anisotropy at small scales in combina-
tion with WMAP [2] and standard distance rulers [3, 4, 5], give Neff = 4.56 ± 0.75 [6]
and Neff = 3.86 ± 0.42 [7] at 1σ level. These results may be evidences for the exis-
tence of extra radiation component, other than the three species of active neutrinos,
in the Universe. See also Refs. [8, 9] for limits on the mass of extra radiation compo-
nent. Motivated by these observations, models for explaining ∆Neff ≃ 1 were proposed
[10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. The Planck and other projected CMB ob-
servations will improve constraints onNeff by an order of magnitude (see e.g. Refs. [23, 24]),
and ∆Neff ≃ 1 can be clearly tested in the near future.
Once it will be proven that extra radiation indeed exists, it is important to under-
stand the origin of extra radiation in the early Universe. In the previous work [17], it is
argued that one way to probe this is to see how they fluctuate at the cosmological scales.
Observationally, the extra radiation and neutrinos are not discriminable and we call the
mixed fluid of them as dark radiation (DR). The DR can have isocurvature perturbations,
depending on how they are produced in the inflationary Universe. It was shown that the
DR isocurvature perturbations affect the CMB anisotropy and constraints on the ampli-
tude of isocurvature perturbations were derived using recent CMB and other cosmological
observations. Future forecasts on the constraint were discussed in Ref. [25].
While perturbations are assumed to be Gaussian in the most part of Ref. [17], the
possibility of large non-Gaussianities in the DR isocurvature perturbations was also briefly
pointed out. In this paper, we present detailed analysis on these non-Gaussianities. Non-
Gaussianities in the DR isocurvature modes would have rich information on the properties
of DR. We note that there are several studies on non-Gaussianities in the cold dark matter
(CDM) and baryon isocurvature perturbations [26, 27, 28, 29, 30, 31, 32, 33, 34, 35].
However, this is the first paper that studies non-Gaussianities in the DR isocurvature
perturbations, including those in the neutrino density isocurvature perturbations. In this
paper we focus on the local type non-Gaussianities at bispectrum level.
The paper is organized as follows: We first present bispectrum generated from mixtures
of primordial DR isocurvature and adiabatic perturbations in Section 2. In Section 3, we
apply these results to the CMB angular bispectrum and discuss how non-Gaussianities
in DR isocurvature perturbations manifest in the CMB anisotropy. Then we discuss
constraints on these non-Gaussianities from CMB observations in Section 4. Here we
forecast constraints from the Planck satellite and an ideal survey limited by the cosmic
variance, based on the Fisher matrix analysis. We mention some particle physics models
which may lead to large isocurvature perturbations in the extra radiation and neutrinos as
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well as non-Gaussianities in them in Section 5. The final section is devoted to summary.
2 Non-Gaussian curvature and isocurvature pertur-
bations
In this section we derive formulae for the (non-Gaussian) curvature/isocurvature pertur-
bations based on the δN -formalism [36, 37]. We mostly follow formalism in Ref. [17].
Various modes of primordial perturbations, including the adiabatic mode ζ and some kind
of isocurvature mode S, can be generated from fluctuations in scalar fields and given as
ζ = Nφiδφi +
1
2
Nφiφjδφiδφj + . . . , (1)
S = Sφiδφi +
1
2
Sφiφjδφiδφj + . . . .
Here, δφi is quantum fluctuation of a scalar field φi, whose mass is smaller than the
Hubble parameter during inflation, Hinf . Hereafter, we concentrate on the isocurvature
perturbation in the dark radiation (DR) denoted by SDR. We here again emphasize that
the DR consists of both active neutrinos and extra light particle species.
We can express the power spectra of the auto- and cross- correlation functions of ζ and
SDR as follows,
〈ζ(~k1)ζ(~k2)〉 ≡ (2π)
3δ(~k1 + ~k2)P
ζζ(k1),
〈ζ(~k1)SDR(~k2)〉 ≡ (2π)
3δ(~k1 + ~k2)P
ζSDR(k1),
〈SDR(~k1)SDR(~k2)〉 ≡ (2π)
3δ(~k1 + ~k2)P
SDRSDR(k1).
(2)
where
P ζζ(k) = N2φiPδφ(k),
P ζSDR(k) = NφiSφiPδφ(k),
P SDRSDR(k) = S2φiPδφ(k),
(3)
Here, we have neglected higher order terms and Pδφ(k) is the power spectrum of the
fluctuations of the scalar fields,
〈δφi(~k1)δφj(~k2)〉 ≡ (2π)
3δ(~k1 + ~k2)Pδφ(k1)δij , (4)
Pδφ(k) =
H2inf
2k3
(
k
k0
)ns−1
, (5)
where ns is the scalar spectral index
#1 and k0 is the pivot scale chosen as k0 = 0.002Mpc
−1.
Note that the above power spectra and correlation have same spectral shape up to this
#1 The scalar spectral indices for φ and σ do not coincide in general. In the following we assume they
are the same just for simplicity.
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order. We therefore adopt Pζ ≡ P
ζζ as the normalization of power spectra and other
power spectra can be expressed in the form Pζ times some constants hereafter.
The bispectra of ζ and SDR are defined by the following equations,
〈ζ(~k1)ζ(~k2)ζ(~k3)〉 ≡ (2π)
3δ(~k1 + ~k2 + ~k3)Bζζζ(k1, k2, k3),
〈ζ(~k1)ζ(~k2)SDR(~k3)〉 ≡ (2π)
3δ(~k1 + ~k2 + ~k3)BζζS(k1, k2, k3),
〈ζ(~k1)SDR(~k2)SDR(~k3)〉 ≡ (2π)
3δ(~k1 + ~k2 + ~k3)BζSS(k1, k2, k3),
〈SDR(~k1)SDR(~k2)SDR(~k3)〉 ≡ (2π)
3δ(~k1 + ~k2 + ~k3)BSSS(k1, k2, k3),
(6)
so that the primordial bispectrum can be written in the form of
BA1A2A3(k1, k2, k3) = f
A1,A2A3
NL (k1, k2, k3)Pζ(k2)Pζ(k3) + (2 cyclics of {123}), (7)
where the each of the subscript Ai (i = 1, 2, 3) is either ζ or SDR. The coefficients
fA1,A2A3NL represent magnitudes of non-Gaussianities and in the following we call them non-
Gaussianity parameters. Note that our definition of fA1,A2A3NL is consistent with Ref. [35]
besides difference in types of isocurvature perturbations considered. We also note that
if there is only a single scalar field which sources primordial perturbations and there are
only adiabatic perturbations, f ζ,ζζNL is related to the ordinary non-Gaussianity parameter
fNL via
f ζ,ζζNL =
6
5
fNL. (8)
By using the expansion (1), we can explicitly write the non-Gaussianity parameters as
f ζ,ζζNL =
NφiNφjNφiφj
(N2φi)
2
+
NφiφjNφjφkNφkφi
(N2φi)
3
∆2ζ ln(kbL),
fSDR,ζζNL =
SφiNφjNφiφj
(N2φi)
2
+
SφiφjNφjφkNφkφi
(N2φi)
3
∆2ζ ln(kbL),
f ζ,SDRζNL = f
ζ,ζSDR
NL =
NφiNφjSφiφj
(N2φi)
2
+
NφiφjNφjφkSφkφi
(N2φi)
3
∆2ζ ln(kbL),
f ζ,SDRSDRNL =
NφiSφjSφiφj
(N2φi)
2
+
NφiφjSφjφkSφkφi
(N2φi)
3
∆2ζ ln(kbL),
fSDR,ζSDRNL = f
SDR,SDRζ
NL =
SφiSφjNφiφj
(N2φi)
2
+
SφiφjSφjφkNφkφi
(N2φi)
3
∆2ζ ln(kbL),
fSDR,SDRSDRNL =
SφiSφjSφiφj
(N2φi)
2
+
SφiφjSφjφkSφkφi
(N2φi)
3
∆2ζ ln(kbL),
(9)
where ∆2ζ ≡ (k
3/2π2)Pζ(k) is the dimensionless power spectrum of the curvature pertur-
bation, kb ≡ min{k1, k2, k3} and L is the infrared cutoff scale [38, 39], which should be set
to be a scale comparable to the present horizon scale. #2
#2 The second term in the RHS of each equation of (9) arises from the product of three quadratic terms
of δφi in ζ or SDR. We refer to [30] for the detail of the derivation of it.
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3 CMB bispectrum
CMB bispectrum from non-Gaussian curvature and extra radiation-isocurvature pertur-
bations are to be discussed. For CDM isocurvature perturbation, similar analysis is done
in Refs. [26, 29, 30, 32, 35], which extend the analysis of Ref. [41] to isocurvature pertur-
bations. We here consider the isocurvature perturbations in extra or dark radiation. We
include both the temperature and E-polarization CMB anisotropies.
First, we denote primordial perturbations by XA, where the subscript A is either ζ or
SDR. CMB anisotropy is given by
aPlm = 4π(−i)
l
∑
A
∫
d3k
(2π)3
gAPl (k)Y
∗
lm(kˆ)X
A
~k
, (10)
where the subscript P represents the type of CMB anisotropy and should be either T or
E, and gAPl (k) is the transfer function at linear order.
First the power spectrum of the CMB anisotropy is expressed as
CP1P2l δll′δmm′ ≡ 〈a
P1
lma
∗P2
l′m′〉. (11)
It is given in terms of the primordial perturbations as
CP1P2l =
2
π
∑
A1A2
∫
k2dkgA1P1l (k)g
∗A2P2
l′ (k)P
A1A2(k). (12)
where PA1A2(k) is the power spectrum of XA in the wave number space defined in Eq. (2),
which is conveniently written as
〈XA1(~k1)X
∗A2(~k2)〉 ≡ P
A1A2(k1)(2π)
3δ(3)(~k1 − ~k2). (13)
Let us now consider the bisepctrum of CMB anisotropy in the harmonic space,
BP1P2P3l1m1l2m2l3m3 ≡ 〈a
P1
l1m1
aP2l2m2a
P3
l3m3
〉. (14)
Using Eq. (10), BP1P2P3l1m1l2m2l3m3 can be written as
BP1P2P3l1m1l2m2l3m3 =
∑
A1A2A3
3∏
i=1
[
4π(−i)li
∫
d3ki
(2π)3
gAiPili (ki)Y
∗
limi
(kˆi)
]
×BA1A2A3(k1, k2, k3)(2π)
3δ(3)(~k1 + ~k2 + ~k3), (15)
where BA1A2A3(k1, k2, k3) is the bispectrum of X
A in the wave number space defined in
Eq. (7), which are conveniently written as
〈XA1(~k1)X
A2(~k2)X
A3(~k3)〉 ≡ B
A1A2A3(k1, k2, k3)(2π)
3δ(3)(~k1 + ~k2 + ~k3). (16)
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Due to the statistical isotropy assumed here, BA1A2A3 is independent of kˆi.
Using the following formulae
(2π)3δ(3)(~k1 + ~k2 + ~k3) =
∫
d3rei(
~k1+~k2+~k3)·~r, (17)∫
dkˆY ∗lm(kˆ)e
i~k·~r = 4πiljl(kr)Y
∗
lm(rˆ), (18)
Eqs. (15) can be reduced into
BP1P2P3l1m1l2m2l3m3 =
∑
A1A2A3
∫
r2dr
3∏
i=1
[
2
π
∫
k2i dki g
AiPi
li
(ki)jli(kir)
]
×BA1A2A3(k1, k2, k3)
∫
drˆ
3∏
i=1
[
Y ∗limi(rˆ)
]
. (19)
In Eq. (19), we can factor out the Gaunt integral,
Gm1m2m3l1l2l3 =
∫
drˆ
3∏
i=1
[
Y ∗limi(rˆ)
]
(20)
which manifests the statistical isotropy. In terms of the Wigner-3j symbol, Gm1m2m3l1l2l3 can
be rewritten as
Gm1m2m3l1l2l3 =
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
(
l1 l2 l3
0 0 0
)(
l1 l2 l3
m1 m2 m3
)
. (21)
Then we obtain
BP1P2P3l1m1,l2m2,l3m3 = G
m1m2m3
l1l2l3
bP1P2P3l1l2l3 , (22)
where bP1P2P3l1l2l3 is the reduced bispectrum given by
bP1P2P3l1l2l3 =
∑
A1A2A3
∫
r2dr
3∏
i=1
[
2
π
∫
k2i dki g
AiPi
li
(ki)jli(kir)
]
BA1A2A3(k1, k2, k3) (23)
This is the most general expression of CMB bispectrum, in the presence of non-adiabatic
primordial scalar perturbations. This is applicable to any types of primordial non-Gaussianities.
Now we focus on primordial perturbations with local-type non-Gaussianity, which can
be written in the form of Eq. (1).
Given the primordial bispectrum of Eq. (7), the reduced CMB bispectrum bP1P2P3l1l2l3 can
be written as
bP1P2P3l1l2l3 =
∑
A1A2A3
[
fA1,A2A3NL b
A1P1,A2P2A3P3
l1l2l3
+ (2 cyclics of {123})
]
. (24)
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Here, bA1P1,A2P2A3P3l1l2l3 is defined as
bA1P1,A2P2A3P3l1l2l3 ≡
∫
r2drαA1P1l1 (r)β
A2P2
l2
(r)βA3P3l3 (r) (25)
where
αAPl (r) ≡
2
π
∫
k2dkgAPl (k)jl(kr), (26)
βAPl (r) ≡
2
π
∫
k2dkPζ(k)g
AP
l (k)jl(kr). (27)
As long as only two kinds of initial perturbations ζ and SDR are included, there are
only six independent non-Gaussian parameters [35]. For latter convenience, we denote
them by f
(i)
NL (a = 1, . . . , 6), which is defined as
f
(1)
NL ≡ f
ζ,ζζ
NL , f
(2)
NL ≡ f
SDR,ζζ
NL , f
(3)
NL ≡ f
ζ,ζSDR
NL = f
ζ,SDRζ
NL , (28)
f
(4)
NL ≡ f
ζ,SDRSDR
NL , f
(5)
NL ≡ f
SDR,ζSDR
NL = f
SDR,SDRζ
NL , f
(6)
NL ≡ f
SDR,SDRSDR
NL . (29)
We also pile up bA1P1,A2P2A3P3l1l2l3 into six types of reduced bispectra b
(a) P1P2P3
l1l2l3
:
b
(1) P1P2P3
l1l2l3
≡ bζP1,ζP2ζP3l1l2l3 + (2 cyclics of {123}), (30)
b
(2) P1P2P3
l1l2l3
≡ bS¯DRP1,ζP2ζP3l1l2l3 + (2 cyclics of {123}), (31)
b
(3) P1P2P3
l1l2l3
≡
[
bζ¯P1,SDRP2ζP3l1l2l3 + b
ζ¯P1,ζP2SDRP3
l1l2l3
]
+ (2 cyclics of {123}), (32)
b
(4) P1P2P3
l1l2l3
≡ bζP1,SDRP2SDRP3l1l2l3 + (2 cyclics of {123}), (33)
b
(5) P1P2P3
l1l2l3
≡
[
bSDRP1,ζP2SDRP3l1l2l3 + b
SDRP1,S¯DRP2ζP3
l1l2l3
]
+ (2 cyclics of {123}), (34)
b
(6) P1P2P3
l1l2l3
≡ bS¯DRP1SDRP2SDRP3l1l2l3 + (2 cyclics of {123}) (35)
Then the total CMB bispectrum in Eq. (24) can be rewritten as
bP1P2P3l1l2l3 =
6∑
a=1
f
(a)
NLb
(a) P1P2P3
l1l2l3
. (36)
Fig. 1 shows the temperature bispectra b
(a)TTT
l1l2l3
in isosceles triangular configurations
with l1 = l2. Cosmological parameters adopted here are the mean parameters for the flat
power-law ΛCDM model from the WMAP 7-year result [2]. In numerical calculation, the
transfer functions gAPl (k) are computed using the CAMB code [43]. Among six bispec-
tra b
(a)
l1l2l3
, b
(1)
l1l2l3
and b
(3)
l1l2l3
tend to be larger than others in most configurations, although
configurations shown in the figure are limited. On the other hand, b
(6)
l1l2l3
is in general the
smallest. In addition, we can see there are peaks and troughs in the bispctra, which orig-
inate from the acoustic oscillation of the photon-baryon fluid prior to the recombination.
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Figure 1: Shown are the temperature bispectra b
(a)TTT
l1l2l3
. b
(1)TTT
l1l2l3
(solid red), b
(2)TTT
l1l2l3
(short-
dashed green), b
(3)TTT
l1l2l3
(dotted blue), b
(4)TTT
l1l2l3
(dot-dashed), b
(5)TTT
l1l2l3
(long-dashed), b
(6)TTT
l1l2l3
(dot-dot-dashed) in isosceles triangular configurations with l1 = l2 are plotted as function
of l1 with fixed l3. l3 is set to 10 (top left), 50 (top middle), 100 (top right), 500 (bottom
left), 1000 (bottom middle), 1500 (bottom right). In each panel, the shaded region at low
multipoles shows configurations which fail to satisfy the triangular condition i.e. |l1− l2| ≥
l3 ≥ l1 + l2.
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(a)TTE
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As is discussed in Ref. [17], there is slight difference in the phase of the acoustic oscillation
between the adiabatic and neutrino isocurvature density modes. This is due from the fact
that while the acoustic oscillation in the adiabatic mode is dominantly sourced by the
metric perturbations, that in the neutrino isocurvature density mode is dominated by the
initial amplitudes (See Ref. [17] for more details). This makes the positions of acoustic
peaks and troughs differ among bispectra. This can be prominently seen by comparing
b
(1)
l1l2l3
and b
(6)
l1l2l3
, which respectively originates purely from adiabatic and neutrino isocur-
vature density perturbations in Fig. 1. However, since the phase difference in acoustic
oscillation is not as large as one between the adiabatic and matter isocurvature modes,
the difference in positions of acoustic peaks is not prominent compared with the bispectra
from mixture of adiabatic and matter isocurvature perturbations (See e.g. Ref. [29]).
We also plotted the bispectra arising from the correlation of two temperature and
one polarization anisotropies, b
(a)TTE
l1l2l3
and b
(a)TET
l1l2l3
in Figs. 2 and 3, respectively. From
these figures, we can see that above discussions on spectral shape of the bispectra are still
qualitatively true when polarization is included.
4 Forecast for a CMB constraint
As we have seen, CMB bispectrum arising from the non-Gaussian isocurvature perturba-
tions in extra radiation is distinct from the usual one from the non-Gaussian curvature
perturbations. Therefore we can discriminate different non-Gaussinities in primordial per-
turbations from the observation of CMB anisotropy. To discuss this issue in a quantitative
manner, we perform a Fisher matrix analysis.
In the limit of weak non-Gaussinity, the Fisher matrix for the non-Gaussianity param-
eters f
(a)
NL is given by [41, 42, 44]
Fab =
∑
l1≤l2≤l3
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
(
l1 l2 l3
0 0 0
)2
(37)
×
∑
P1P2P3
∑
Q1Q2Q3
b
(a) P1P2P3
l1l2l3
[Cov−1]
P1P2P3|Q1Q2Q3
l1l2l3
b
(b) Q1Q2Q3
l1l2l3
, (38)
where [Cov−1]
P1P2P3|Q1Q2Q3
l1l2l3
is the inverse covariance matrix. Assuming that the ob-
served sky coverage is unity and the instrumental noise is isotropic, the covariance matrix
[Cov]
P1P2P3|Q1Q2Q3
l1l2l3
can be given as
[Cov]
P1P2P3|Q1Q2Q3
l1l2l3
= ∆l1l2l3C
P1Q1
l1
CP2Q2l2 C
P3Q3
l3
, (39)
where CPQl = C
PQ
l +N
PQ
l is the total angular power spectrum, which is the sum of ones
from the CMB CPQl and instrumental noise N
PQ
l . ∆l1l2l3 takes values 6, 2, 1 for the cases
that all l’s are the same, only two of them are the same and otherwise, respectively.
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Following [45], the noise power spectrum NPQl can be approximated as
NPQl = δPQθ
2
FWHMσ
2
P exp
[
l(l + 1)
θ2FWHM
8 ln 2
]
, (40)
where θFWHM is the full width at half maximum of the Gaussian beam, and σP is the
root mean square of the instrumental noise par pixel. For cases of multi-frequency ob-
servations, NPQl is given via the quadrature sum over all the frequency bands. Here we
study expected constraints from two survey. One is the on-going Planck survey [47] whose
survey parameters are given in Table 1. Another is a hypothetical survey (hereafter CVL
survey) whose sensitivity is limited by the cosmic variance, i.e. NPQl = 0. In both cases,
we omit the effect of the sky cut and the sky coverage is assumed to be unity.
In the analysis, we consider only CMB bispectra from primordial non-Gaussianities,
assuming contaminations from other sources are negligible. Since many of these sources
including point sources and the thermal Sunyaev-Zel’dovich (SZ) effect have frequency
spectra different from the black body, above assumption can be to some extent achieved
by exploiting observations at multi-frequency bands. Other contaminations such as the
lensing of CMB, the kinetic SZ effect, and the patchy reionization would not affect our
results significantly.
As our models have six non-Gaussianity parameters f
(a)
NL , the full Fisher matrix Fab is
a 6× 6 matrix. However, it may sometimes occur that some of the parameters are not of
primary interest and we want them to be marginalized over. In such the case, the Fisher
matrix for the remaining non-Gaussianity parameters can be given as the inverse of the
principal sub-matrix of the inverted full Fisher matrix [46].
bands [GHz] θFWHM [arcmin] σT [µK] σP [µK]
30 33.0 2.0 2.8
44 24.0 2.7 3.9
70 14.0 4.7 6.7
100 10.0 2.5 4.0
143 7.1 2.2 4.2
217 5.0 4.8 9.8
353 5.0 14.7 29.8
Table 1: Survey parameters adopted in our analysis for Planck. θFWHM is Gaussian beam
width at FWHM, σT and σP are temperature and polarization noise, respectively. We
assume 1-year duration of observation.
In Figs. 4 and 5, shown are 2-dimensional constraints on the non-Gaussianity parame-
ters expected for Planck and CVL surveys. Here we fixed Nν to 4, which is suggested by
recent observations we mentioned in Introduction. On each panel, constraints on a pair
of f
(a)
NL are shown; other four non-Gaussianity parameters are marginalized over in Fig. 4
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Table 2: Expected uncertainties for non-Gaussianity parameters ∆f
(a)
NL for the case with
Neff = 4.
survey f
(1)
NL f
(2)
NL f
(3)
NL f
(4)
NL f
(5)
NL f
(6)
NL
Planck 22 101 21 116 163 164
CVL 3.5 14.0 3.7 15.9 15.4 17.3
while they are fixed to zero in Fig. 5. Hereafter we will refer to constraints shown in Fig. 4
and 5 as marginalized and non-marginalized constraints, respectively.
In Table 2, we listed expected uncertainties in the non-Gaussian parameters ∆f
(a)
NL ,
which are defined by
∆f
(a)
NL ≡ F
−1
aa . (41)
From the table as well as figures, we can see that among the six non-Gaussian parameters
f
(a)
NL , f
(1)
NL and f
(3)
NL can be constrained tighter than others. Planck (a CVL survey) can
constrain f
(1)
NL and f
(3)
NL to about 20 (4). On the other hand, expected constraints on other
f
(a)
NL are weaker with factor from five or eight. This result is consistent with our discussion
in the previous section, where we showed that in the squeezed configurations, b
(1)P1P2P3
l1l2l3
and b
(3)P1P2P3
l1l2l3
are in general larger than other bispecra. We can also see that a CVL survey
can significantly improve the constrains on all non-Gaussianity parameters from Planck
by an order of magnitude. On the other hand, in the case of the matter isocurvature
mode, constraints on some of non-Gaussianity parameters improve little as we measure
higher and higher multipoles as shown in Ref. [35]. This difference reflects that CMB
anisotropies at high multipoles are damped in the case of the matter isocurvature mode,
while they are comparable in amplitude with the adiabatic mode in the extra radiation
isocurvature mode.
We also performed the same analysis for the case of fixed Nν = 3.04. Marginalized and
non-marginalized constraints on f
(a)
NL are shown in Figs. 6 and 7, respectively. Parameter
uncertainties ∆f
(a)
NL are listed in Table 3. In the context of isocurvature perturbations
in extra radiation, such the case is realized when, while the fraction of extra radiation
in energy density of DR is quite small, the amplitude of isocurvature perturbations in
extra radiation SX is large enough for the total DR isocurvature perturbations SDR to
be yet non-negligible. On the other hand, this is also naturally realized without extra
radiation; SDR is non-zero if there are isocurvature perturbations in the lepton number
and non-Gaussian isocurvature perturbations in the lepton number may be produced in
the Affleck-Dine mechanism, as shown in Sec. 5.2.
Compared with the case of Nν = 4, constraints on f
(a)
NL are less stringent for the case
of Nν = 3.04. This can be understood as follows. As can be seen in Eqs. (3.23) and
(3.24) of Ref. [17], given a fixed SDR, the initial perturbations is roughly proportional to
the RˆDR ∼ Neff , where the RˆDR is the energy fraction of DR in the radiation component.
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Figure 4: 2d marginalized constraints on the non-Gaussianity parameters f
(a)
NL expected
for Planck (solid red) and CVL (dashed green) surveys. Nν is fixed to 4. Inner and outer
contours correspond to constraints at 1 and 2 σ levels.
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Figure 5: Same figure as in Fig. 4, but the non-marginalized constraints are shown here.
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Table 3: Same as in Fig. 2, but for the case with Neff = 3.04.
survey f
(1)
NL f
(2)
NL f
(3)
NL f
(4)
NL f
(5)
NL f
(6)
NL
Planck 21 126 27 187 257 339
CVL 3.5 18.3 5.0 27.2 26.4 39.3
Thus, apart from the effects of Neff on the background evolution, the amplitude of CMB
anisotropy from the dark radiation isocurvature perturbation should be proportional Neff ,
given a fixed SDR. Then the dependence of the bispectrum b
A1P1,A2P2A3P3
l1l2l3
on Neff can be
determined by the number of Ai equals to SDR. Therefore we can expect b
(1)P1P2P3
l1l2l3
∝ Neff
0,
b
(2)P1P2P3
l1l2l3
∝ b
(3)P1P2P3
l1l2l3
∝ Neff b
(4)P1P2P3
l1l2l3
∝ b
(5)P1P2P3
l1l2l3
∝ Neff
2 and b
(6)P1P2P3
l1l2l3
∝ Neff
3. This
can be converted into the dependence of ∆fNL on Neff . We can expect ∆f
(1)
NL ∝ Neff
0,
∆f
(2)
NL ∝ ∆f
(3)
NL ∝ Neff
−1 ∆f
(4)
NL ∝ ∆f
(5)
NL ∝ Neff
−2 and ∆f
(6)
NL ∝ Neff
−3. This rough estimate
can be verified by comparing Tables 2 and 3.
5 Models for non-Gaussian isocurvature perturbations
in dark radiation
In this section, we refer to some of particle physics models in which the DR isocurvature
perturbations and their non-Gaussianities arise. We discuss two cases separately. In one
scenario, the DR isocurvature perturbation is carried by extra light species. In the other
scenario, ordinary neutrinos have large isocurvature perturbation.
5.1 Extra light species
Let us consider the cosmological scenario considered in Ref. [17] where two scalars, the
inflaton φ and the curvaton σ, which is light during inflation, contribute to both the
adiabatic and isocurvature perturbations. Using the δN formalism [36, 37], the expansion
14
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Figure 6: 2d marginalized constraints on non-Gaussianity parameters for Nν = 3.04.
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Figure 7: 2d non-marginalized constraints on non-Gaussianity parameters for Nν = 3.04.
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coefficients of ζ , such as Nφ, Nσ, are given as
Nφ =
1
M2P
V
Vφ
,
Nσ =
3 +R
6σi
(
RˆrR
(σ)
r
Rr
+
RˆXR
(σ)
X
RX
)
,
Nφφ =
1
M2P
(
1−
V Vφφ
V 2φ
)
,
Nσσ =
2
9σ2i
3 +R
4
(
RˆrR
(σ)
r
Rr
+
RˆXR
(σ)
X
RX
)
×
[
3 + 4R− 2R2 − 2(3 +R)
(
RˆrR
(σ)
r
Rr
+
RˆXR
(σ)
X
RX
)]
.
(42)
In a similar manner, those of SDR are given as
Sσ = −
3 +R
2σi
RˆrRˆX
RˆDR
(
R
(σ)
r
Rr
−
R
(σ)
X
RX
)
(1− cˆν),
Sσσ =
3 +R
2σ2i
RˆrRˆX
RˆDR
(
R
(σ)
r
Rr
−
R
(σ)
X
RX
)
(1− cˆν)
3
×
[
2R2 − 4R− 3 +
3 +R
RˆDR
(
RˆrR
(σ)
r (cˆν + RˆDR)
Rr
+
RˆXR
(σ)
X (1 + RˆDR)
RX
)]
,
Sφ = Sφφ = 0.
(43)
The meanings of the symbols are as follows: MP is the reduced Planck mass. V is the
potential of φ and Vφ and Vφφ are the first and second derivatives of V , respectively,
evaluated when observable scales exit the horizon. Rσ is the ratio of the energy density of
σ to the total energy density at its decay and R ≡ 3Rσ/(4 − Rσ). Ri is the ratio of the
energy density of a fluid i to the total energy density at the decay of σ, and Rˆi is that
at the electron-positron annihilation. The subscripts r, X and DR mean the relativistic
particles in the Standard Model, the extra radiation and the dark radiation, respectively.
R
(σ)
i is the ratio of energy density of the fluid i generated by σ decay at that time. σi is
the amplitude of the oscillation of σ when it starts to oscillate. cˆν ≃ 0.405 is the ratio
of the energy density of neutrino to that of standard model relativistic particles (photons
and neutrinos) after the electron-positron annihilation. We can get (42) and (43) by
comparing the energy densities of various components before and after the events such
as σ decay, neutrino decoupling and electron-positron annihilation, when the energy ratio
of the standard model radiation and that of the dark radiation change, on the uniform
density slice. Therefore (42) and (43) are written in terms of the energy ratio of each
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component at such events. The effective number of neutrino species in this scenario is
∆Neff =
3RˆX
cˆνRˆr
. (44)
We refer to Ref. [17] for details and derivations of these quantities. Although these ex-
pression are rather lengthy, they are greatly simplified in some concrete situation, as will
be seen in the following examples.
Using these quantities, the non-Gaussianity parameters defined in Eq. (9) are expressed
as
f ζ,ζζNL (k1, k2, k3) ≡
N2φNφφ +N
2
σNσσ
(N2φ +N
2
σ)
2
+
N3φφ +N
3
σσ
(N2φ +N
2
σ)
3
ln(kbL)∆
2
ζ(k1), (45)
fSDR,ζζNL (k1, k2, k3) ≡
N2σSσσ
(N2φ +N
2
σ)
2
+
N2σσSσσ
(N2φ +N
2
σ)
3
ln(kbL)∆
2
ζ(k1),
f ζ,SDRζNL (k1, k2, k3) = f
ζ,ζSDR(k1, k2, k3) (46)
≡
NσSσNσσ
(N2φ +N
2
σ)
2
+
N2σσSσσ
(N2φ +N
2
σ)
3
ln(kbL)∆
2
ζ(k1),
f ζ,SDRSDRNL (k1, k2, k3) ≡
S2σNσσ
(N2φ +N
2
σ)
2
+
NσσS
2
σσ
(N2φ +N
2
σ)
3
ln(kbL)∆
2
ζ(k1),
fSDR,ζSDRNL (k1, k2, k3) = f
SDR,SDRζ(k1, k2, k3) (47)
≡
NσSσSσσ
(N2φ +N
2
σ)
2
+
NσσS
2
σσ
(N2φ +N
2
σ)
3
ln(kbL)∆
2
ζ(k1),
fSDR,SDRSDRNL (k1, k2, k3) ≡
S2σSσσ
(N2φ +N
2
σ)
2
+
S3σσ
(N2φ +N
2
σ)
3
ln(kbL)∆
2
ζ(k1). (48)
Here, we include the “quadratic” type components [40, 26, 29, 30, 32], which consist
of three quadratic terms of δφi in each ζ or SDR, in addition to the leading “linear”
components, which consist of a quadratic term in one of three ζ or SDR and two linear terms
from others. While f ζ,ζζNL , etc. in Eqs. (45)-(48) are in principle not constant, their scale-
dependences due from the factor ln(kbL)∆
2
ζ(ki) are quite moderate since Pζ(k) is nearly
scale-invariant. Therefore, so long as we consider observations sensitive to scales over only
a few orders of magnitude, we can approximately ignore the scale-dependences. When we
in the next section consider CMB signatures of non-Gaussian isocurvature perturbations
in dark radiation, we adopt this approximation and regard the quantities f ζ,ζζNL , etc. as
constants. Then given constant f ζ,ζζNL , etc., as shown in Eq. (7), the bispectra can be
18
written as
Bζζζ(k1, k2, k3) = f
ζ,ζζ
NL [Pζ(k2)Pζ(k3) + (2 cyclics of {123})] , (49)
BζζSDR(k1, k2, k3) = f
ζ,ζSDR
NL [Pζ(k2)Pζ(k3) + Pζ(k3)Pζ(k1)] + f
SDR,ζζ
NL Pζ(k1)Pζ(k2),(50)
BζSDRSDR(k1, k2, k3) = f
ζ,SDRSDR
NL Pζ(k2)Pζ(k3) (51)
+fSDR,SDRζNL [Pζ(k3)Pζ(k1) + Pζ(k1)Pζ(k2)] ,
BSDRSDRSDR(k1, k2, k3) = f
SDR,SDRSDR
NL [Pζ(k2)Pζ(k3) + (2 cyclics of {123})] . (52)
In the following subsections we consider two cases. One is the case where the σ domi-
nantly decays into extra light species X , while the curvature perturbation is dominantly
generated by the inflaton (Sec. 5.1.1). The other is the case where the σ decays into
ordinary radiation and is the dominant source of the adiabatic perturbation, while extra
light species are produced in thermal bath after the inflaton decay (Sec. 5.1.2). Both cases
are realized in the framework of supersymmetric (SUSY) axion model [48] as mentioned
in the previous work [17], and originally in Ref. [10]. We shall partly repeat discussions
there.
5.1.1 Dark radiation from particle decay
Let us assume that the primordial curvature perturbation is dominantly produced by the
inflaton : Nφ ≫ Nσ,
#3 and the inflaton decay only to the visible sector. This makes the
isocurvature mode uncorrelated with the adiabatic mode. In this setup, we can approxi-
mate parameters as R
(σ)
r ≃ 0, and RX = R
(σ)
X ≃ Rσ ≃ 4R/3. We also assume Rσ < 1 since
otherwise σ dominates the Universe before it decays and the Universe would be dominated
by X . Then Eqs. (42) and (43) are simplified as
Nσ ≃
1
2σi
RˆX ,
Nσσ ≃
1
2σ2i
RˆX ,
Sσ ≃
3
2σi
1− cˆν
cˆν
RˆX ≃ 3
1− cˆν
cˆν
Nσ,
Sσσ ≃
3
2σ2i
1− cˆν
cˆν
RˆX ≃ 3
1− cˆν
cˆν
Nσσ.
(53)
Here and hereafter, we assume that the inflaton does not induce the non-Gaussianity, that
is, Nφφ ≃ 0. The quantity RˆX is related to RX as [17]
RˆX ≃
1
1 + δ
(
g∗(H = Γν)
g∗(H = Γσ)
)1/3
RX . (54)
#3 As shown in (53), Sσ is comparable to Nσ in this model, then Nφ ≫ Nσ is required in order to avoid
the isocurvature mode comparable to the adiabatic mode.
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Here δ = ((11/4)1/3−1)(1− cν), cν = ρν/ρr = 21/43 is the ratio of the energy of neutrinos
to that of all visible matters at neutrino decoupling, g∗(H = Γν) is the relativistic degrees
of freedom at that time and g∗(H = Γσ) is that at σ decay. From Eq. (44), we can also
express the effective number of neutrino species as
∆Neff ≃
4
cˆν(1 + δ)
(
g∗(H = Γν)
g∗(H = Γσ)
)1/3
R. (55)
Thus ∆Neff ∼ 1 if R is not much smaller than one. Using (53), we get the relations among
the non-Gaussianity parameters as
fSDR,ζζNL ≃ f
ζ,SDRζ
NL ≃ 3
1− cˆν
cˆν
f ζ,ζζNL ,
f ζ,SDRSDRNL ≃ f
SDR,ζSDR
NL ≃ 9
(
1− cˆν
cˆν
)2
f ζ,ζζNL ,
fSDR,SDRSDRNL ≃ 27
(
1− cˆν
cˆν
)3
f ζ,ζζNL .
(56)
Thus these non-Gaussianity parameters are comparable. The magnitude of them is roughly
given by
f ζ,ζζNL (k1, k2, k3) ≃
N2σNσσ
N4φ
+
N3σσ
N6φ
ln(kbL)∆
2
ζ(k1)
∼ ǫ2
(
MP
σi
)4
Rˆ3X + ǫ
3
(
MP
σi
)6
Rˆ3X∆
2
ζ(k1), (57)
where ǫ = 1
2
M2P(Vφ/V )
2 is the slow-roll parameter. It is easily found that the first term is
of the order of (PSDR/Pζ)
2× (1/RˆX) while the second term is of the order of (PSDR/Pζ)
3×
(∆2ζ/Rˆ
3
X). Therefore, the non-linearity parameter can be large enough to be probed for not
so small PSDR compared to Pζ and RˆX ≪ 1. Thus even if RX is very small and there is no
significant deviation from Neff = 3.046, the DR isocurvature mode and its non-Gaussianity
may be detected.
Now let us estimate RˆX ∼ R and SDR in the SUSY KSVZ axion model [50]. In a SUSY
axion model [49], the saxion σ, the scalar partner of the PQ axion, exists and has a mass
mσ which ranges from O(keV) to O(TeV), in accordance with the SUSY breaking scale.
The saxion can have a large initial amplitude σi during inflation, and may obtain quantum
fluctuations δσ ∼ Hinf/2π if it is much lighter than the Hubble parameter during inflation.
In this model, the dominant decay channel of the saxion is typically that into two axions.
Relativistic axions produced by the saxion decay behave as an extra radiation X , since
they are decoupled from ordinary matter almost completely. Here the R ≃ 3Rσ/4 is given
by [17]
R ≃ 2× 10−4
(
TR
106GeV
)(
1GeV
mσ
)3/2(
fa
1012GeV
)3(
σi
fa
)2
, (58)
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for R≪ 1 and mσ > Γφ and
R ≃ 2× 10−3
(
1GeV
mσ
)(
fa
1012GeV
)3(
σi
fa
)2
, (59)
for R≪ 1 and mσ < Γφ, where fa is the PQ symmetry breaking scale, TR is the reheating
temperature after the inflation and Γφ is the decay rate of the inflaton. Correspondingly,
the magnitude of the DR isocurvature perturbation is given by
SDR ≃ 4× 10
−7
(
TR
106GeV
)(
1GeV
mσ
)3/2(
fa
1012GeV
)2(
Hinf
1010GeV
)(
σi
fa
)
, (60)
for R≪ 1 and mσ > Γφ and
SDR ≃ 4× 10
−6
(
1GeV
mσ
)(
fa
1012GeV
)2(
Hinf
1010GeV
)(
σi
fa
)
, (61)
for R≪ 1 and mσ < Γφ. Here SDR is regarded as SDR =
√
(k3/2π2)PSDRSDR which should
be compared with
√
(k3/2π2)Pζζ ≃ 5× 10
−5. Thus the magnitude of the DR isocurvature
perturbation can be sizable.
5.1.2 Dark radiation from thermal bath
Next, we consider the case σ takes a role of the curvaton, and hence it dominantly sources
the adiabatic perturbation : Nσ ≫ Nφ. Moreover, we assume that the inflaton decays into
ordinary radiation with a branching ratio rφ, and into X with a branching ratio 1−rφ. The
curvaton σ is assumed to decay only into ordinary radiation. In this model, we make use
of following approximations : R
(σ)
r ≃ Rσ(∼ 4R/3), R
(σ)
X ≃ 0. We also assume Rσ < 1 since
otherwise the σ decay releases huge amount of entropy and it dilutes the X abundance
significantly. Under these assumptions, Eqs. (42) and (43) are simplified as
Nσ ≃
2R
3σi
,
Nσσ ≃
2R
3σ2i
,
Sσ ≃ −3
1− cˆν
cˆν
RˆX
2R
3σi
≃ −3
1− cˆν
cˆν
RˆXNσ,
Sσσ ≃ −3
1− cˆν
cˆν
RˆX
2R
3σ2i
≃ −3
1 − cˆν
cˆν
RˆXNσσ.
(62)
The relation between RˆX and RX is given by Eq. (54) where RX is given by
RX = (1− rφ)(1−Rσ). (63)
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In this model, ∆Neff is given by
∆Neff ≃
3
cˆν(1 + δ)
(
g∗(H = Γν)
g∗(H = Γσ)
)1/3
(1− rφ). (64)
The relationships among the non-Gaussianity parameters become
fSDR,ζζNL ≃ f
ζ,SDRζ
NL ≃ −3
1− cˆν
cˆν
RˆXf
ζ,ζζ
NL ,
f ζ,SDRSDRNL ≃ f
SDR,ζSDR
NL ≃ 9
(
1− cˆν
cˆν
)2
Rˆ2Xf
ζ,ζζ
NL ,
fSDR,SDRSDRNL ≃ −27
(
1− cˆν
cˆν
)3
Rˆ3Xf
ζ,ζζ
NL .
(65)
In this case,
fSDR,SDRSDRNL ≪ f
ζ,SDRSDR
NL ≃ f
SDR,ζSDR
NL ≪ f
SDR,ζζ ≃ f ζ,SDRζNL ≪ f
ζ,ζζ. (66)
This is because σ, which is the origin of the non-Gaussianity, dominantly decays to visible
particles. Since we assume that the primordial curvature perturbation is dominantly
produced by σ. the non-linearity parameter for the adiabatic perturbation is given by
f ζ,ζζNL (k1, k2, k3) ≃
3
2R
+
27
8R3
ln(kbL)∆
2
ζ(k1). (67)
We see that the non-Gaussianity in the adiabatic perturbation becomes large for R ≪ 1
while that of the DR isocurvature mode is given by fSDR,ζζNL ∼ f
ζ,SDRζ
NL ∼ (PSDR/Pζ)
1/2 ×
(1/R), can be order unity if PSDR is close to the observational upper bound, or RˆX is close
to unity.
The above situation is actually realized in the SUSY DFSZ axion model [51] once
the saxion is identified as the curvaton σ and the axion as the extra light species X . In
this model, the dominant decay channel of the saxion may be that into a Higgs boson
pair. Therefore, the energy of saxion is almost converted to visible particles. On the
other hand, there may be axions produced from the thermal bath during reheating. Let
us suppose that the reheating temperature is high so that it satisfies TR & TD, where
TD ≃ 10
7GeV(fa/10
10GeV)2.246 is the temperature at the axion decoupling from thermal
bath [52]. Thus axions are thermalized after the inflaton decay. The ratio of the axion
energy density to the total energy density at the axion decoupling is given by g∗(T = TD)
−1.
The inflaton decay branching ratio into X , 1 − rφ, is replaced by the ratio of the energy
density of axions to that of the whole radiation originating from the inflaton at the epoch
of saxion decay. Thus it is estimated to be
1− rφ =
1
g∗(T = TD)
(
g∗(H = Γσ)
g∗(T = TD)
)1/3
, (68)
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where Γσ is the saxion decay rate. From this, we see that 1− rφ is typically much smaller
than 1. Eventually, the amount of axions is smaller than that of visible particles whether
they are produced by the inflaton or the saxion. Then we have RX ≪ 1 from Eq. (63).
The ratio of the saxion energy density to the total energy density at the epoch of saxion
decay is given by
R ≃ 7× 10−2
(
TR
106GeV
)( mσ
1GeV
)1/2(1TeV
µ
)2(
fa
1015GeV
)3(
σi
fa
)2
, (69)
for mσ > Γφ and
R ≃ 7× 10−1
( mσ
1GeV
)(1TeV
µ
)2(
fa
1015GeV
)3(
σi
fa
)2
, (70)
for mσ < Γφ, where µ denotes the higgsino mass. The magnitude of the DR isocurvature
perturbation is given by
SDR ≃ 6× 10
−7
(
TR
106GeV
)( mσ
1GeV
)1/2(1TeV
µ
)2(
fa
1015GeV
)2(
Hinf
1013GeV
)(
σi
fa
)
,
(71)
for mσ > Γφ and
SDR ≃ 6× 10
−6
( mσ
1GeV
)(1TeV
µ
)2(
fa
1015GeV
)2(
Hinf
1013GeV
)(
σi
fa
)
, (72)
for mσ < Γφ, where we have used g∗(T = TD) = 228.75. Thus the DR isocurvature
perturbation can be sizable for some parameter choices even if RX is much smaller then
unity.
5.2 Large lepton asymmetry
Next, let us consider the case where the neutrino number density has an isocurvature
perturbation. First note that neutrinos are in thermal equilibrium before the decoupling
at T ∼ 1MeV. Thus neutrinos can only have an adiabatic perturbation unless they are
produced after the decoupling or they have a chemical potential, i.e., there is asymmetry
in the neutrino sector. We consider the latter possibility hereafter. The lepton number
is conserved well after the electroweak symmetry breaking (EWSB) since the sphaleron
effect [53] is suppressed. Therefore, if the asymmetry in the lepton number, nL − nL¯, is
created after the EWSB, it survives thereafter. Thus spatial fluctuations in the lepton
asymmetry on large scales, if exist, are also conserved. #4 This opens up a possibility
#4 If the lepton asymmetry is produced well before the EWSB, the sphaleron effect converts it into the
baryon number. In this case the lepton number must be same order as the baryon number and hence its
effect is negligible. Note also that even in the case where the lepton asymmetry is produced well after the
EWSB, the asymmetry in the charged lepton sector must be same as that in the baryon sector because
of the electric charge conservation. We use the conventional terminology “lepton asymmetry” hereafter,
but it actually means the asymmetry in the neutrino sector.
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that an observable (non-Gaussian) isocurvature perturbation in the lepton asymmetry,
or the neutrino density isocurvature perturbation, is created after the EWSB [54]. The
asymmetric part, |nν − nν¯ |, adds to the ordinary neutrino number density and hence it
may significantly contribute to the Neff as well as SDR if the lepton asymmetry and its
isocurvature perturbation are large enough. A concrete example was given in Ref. [55],
where it was shown that the late decay of Q-balls can create large lepton asymmetry. It
is interesting because we do not need an extra radiation particle X to produce significant
amount of DR isocurvature perturbation. Let us follow the arguments of Ref. [55] and
estimate ∆Neff and SDR in this model.
A large lepton asymmetry is created through the Affleck-Dine (AD) mechanism [56, 57].
Specifically, we make use of the LLe¯ flat direction (also called as the AD field) [57, 58]. It
does not have the baryon number, and hence it can create large lepton asymmetry without
producing too much baryon asymmetry. If the AD field fragments into Q-balls [59] in
which almost all the lepton number is confined [60, 61, 62, 63] and they evaporate after
the EWSB, a large lepton asymmetry is released and it does not washed out. Since the AD
field may obtain quantum fluctuations in its angular component during inflation [64, 65],
it results in the isocurvature fluctuation in the lepton asymmetry, i.e., the neutrino density
(non-Gaussian) isocurvature perturbation. Non-Gaussianity in the baryonic isocurvature
perturbation generated through the AD mechanism was studied in Ref. [27].
We denote by ψ the AD field along the LLe¯ flat direction. It is lifted by the dimen-
sion six operator in the superpotential, W = ψ6/(6M3) with M being the cutoff scale.
We assume the gauge-mediated SUSY breaking model [66] in the following. The scalar
potential for the AD field is given by [67]
V = (m23/2 − cH
2)|ψ|2 +M4F
(
log
|ψ|2
M2mess
)2
+
(
amm3/2
ψ6
6M3
+ h.c.
)
+
|ψ|10
M6
, (73)
for |ψ| > Mmess, where Mmess is the messenger scale, m3/2 denotes the gravitino mass, am
is a constant of order unity and M4F ≃ m
2
softM
2
mess with msoft ∼ 1TeV.
The lepton number generated through the AD mechanism is estimated as
nL
s
≃
TR|ψos|
2
4m3/2M
2
P
sin(6θ)
∼ 5× 10−3
(
TR
105GeV
)(
1GeV
m3/2
)1/2(
M
1020GeV
)3/2
sin(6θ),
(74)
where TR is the reheating temperature, θ is the initial angle of the AD field in the complex
plane, and |ψos| ∼ (m3/2M
3)1/4 is the AD field amplitude at the onset of its oscillation. It
can be checked that thermal effects on the AD field potential is neglected in this parameter
choice [68, 69]. The AD field fragments into Q-balls after it starts to oscillate, and they
once dominate the Universe before they decay if Td < (TR/3)(|ψos|/MP )
2, where Td is
the decay temperature of the Q-ball discussed later. In this case, the expression becomes
nL/s ≃ (Td/4m3/2) sin(6θ). Hereafter we regard the lepton asymmetry, denoted by the
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subscript L, as if it is an extra radiation component, which has been denoted by X in
the previous sections. The neutrino asymmetry in each flavor is expressed in terms of the
chemical potential (or the degeneracy parameter) ξνi as
nL
nγ
=
∑
i=e,µ,τ
nνi − nν¯i
nγ
=
∑
i=e,µ,τ
1
12ζ(3)
(
Tνi
Tγ
)3
(π2ξνi + ξ
3
νi
). (75)
The neutrino chemical potentials contribute to the extra radiation energy density through
the relation
∆Neff =
3ρL
ρν
=
∑
i=e,µ,τ
[
30
7
(
ξνi
π
)2
+
15
7
(
ξνi
π
)4]
. (76)
Note however that the chemical potential of the electron neutrino directly affects the
helium abundance [70] and hence its contribution to the radiation energy density is con-
strained as ∆Neff . O(0.1) depending on the neutrino mixing angle θ13 [71]. Thus hereafter
we neglect the contribution of the lepton asymmetry to the DR energy density, although
the effect of its isocurvature perturbation may not be neglected.#5
The angular component of the AD field may be light during inflation [65] and it leads
to the isocurvature perturbation in the lepton asymmetry. The isocurvature perturbation
of the lepton asymmetry is calculated as
SL = n cot(nθ)δθ −
1
2
n2(δθ)2, (77)
where
√
〈δθ2〉 = Hinf/(2π|ψi|), with Hinf being the Hubble scale during inflation and n = 6
in the present model. The DR isocurvature perturbation is then estimated as
SDR =
ρL
ρDR
(
SL +
2
3
ρν
ρDR
S2L
)
≃
ρL
ρν
(
SL +
2
3
S2L
)
∼ 6× 10−8
(
TR
105GeV
)2 ( m3/2
1GeV
)−1( M
1020GeV
)9/4(
Hinf
1014GeV
)3/4
,
(78)
where ρDR = ρL + ρν denotes the DR energy density. In the second equality, we have
neglected the contribution of the lepton asymmetry to the DR energy density for the
reason discussed above. In the last equality, we have considered only the leading term. In
the case of Q-ball domination, we obtain
SDR ∼ 2× 10
−8
(
Td
10MeV
)2(
1GeV
m3/2
)2(
M
1020GeV
)−3/4(
Hinf
1014GeV
)3/4
. (79)
Expanding the DR isocurvature perturbation as SDR ≃ Sθδθ + (1/2)Sθθ(δθ)
2, we obtain
Sθ =
∆Neff
3
n cot(nθ),
Sθθ = −
∆Neff
3
n2
[
1−
4
3
cot2(nθ)
]
.
(80)
#5In the limit of ∆Neff ≪ 1, the total curvature perturbation is conserved for all scales of interest.
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Therefore, we obtain the non-linearity parameter for the DR isocurvature perturbation as
fSDR,SDRSDRNL =
S2θSθθ
N4φ|ψi|
4
+
S3θθ
N6φ|ψi|
6
ln(kbL)∆
2
ζ(k1). (81)
It is easily checked that the first term is of the order of (PSDR/Pζ)
2 × (tan2(nθ)/∆Neff).
Thus the non-linearity parameter can be large enough to be probed for not so small PSDR
compared to Pζ and ∆Neff ≪ 1 or tan
2(nθ)≫ 1.
Finally we comment on the Q-ball formation in the present model, which is essential
for protecting the lepton number from the sphaleron process. After the AD field starts to
oscillate, the instability develops and Q-balls are formed. We consider the “delayed”-type
Q-balls [62], which are formed when the AD field potential becomes dominated by the
logarithmic term in (73). Then the charge of Q-ball is estimated as [62]
Q ∼ β
(
MF
m3/2
)4
∼ 6× 1020
(
1GeV
m3/2
)4(
MF
106GeV
)4
, (82)
where β = 6×10−4, and the radius of the Q-ball is given by RQ ∼ m
−1
3/2. Although almost
all the lepton number created by the AD mechanism is absorbed into Q-balls, they can
decay into neutrinos from their surfaces. The decay rate is given by ΓQ ∼ Am
3
3/2/(192π
3Q)
where A is a surface area of the Q-ball [72]. Then the Q-ball decay temperature, Td, is
calculated as
Td ≃ 3× 10
−2GeV
( m3/2
1GeV
)5/2(106GeV
MF
)2
. (83)
This is well below the electroweak scale. Thus the lepton number liberated by the Q-ball
decay is not converted into the baryon number.#6 Notice that the Q-ball decay rate and
hence its decay temperature depends on the charge Q. Thus if the Q depends on the
initial angle of the AD field θ, the decay rate fluctuates on large scales and it causes the
modulated reheating [75] for the case of Q-ball domination. In this case, the magnitude
of the DR isocurvature perturbation is modified up to an O(1) numerical factor. In the
GMSB, however, it is often the case that the ellipticity of the AD field orbit in the complex
plane is small and the Q does not depend on θ [62]. Therefore, there is no such an effect.
6 Summary
In this paper, we discussed non-Gaussianities in dark radiation isocurvature perturbations.
Extending our analysis in the previous work [17], we first derived the primordial bispec-
trum originating from the non-Gaussian isocurvature perturbations in dark radiation. We
#6 The diffusion process from the Q-ball surfaces may transfer the lepton number in the Q-balls into
surrounding plasma [73, 74] even at the temperature above the electroweak scale. These leptonic charges
are converted to the baryon number through the sphaleron process, but this amount can be smaller than
(or comparable to) the observed baryon number [55].
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presented primordial bispectra of both the local and quadratic types. As far as primordial
perturbations have nearly scale-invariant spectra, amplitude of primordial power spectra
can be parameterized with six non-Gaussian parameters, which consequently measure the
non-Gaussianities in the mixture of the adiabatic and dark radiation isocurvature modes.
We also presented CMB bispectrum from these non-Gaussianities, which allows us to fore-
cast constraints on the non-Gaussian parameters from future CMB surveys including the
Planck sattelite and a hypothetical CVL survey. While these parameters can be more or
less constrained from ongoing Planck satellite experiments, there can be still some room
for future CMB surveys to improve the constraint, and CMBpol [76] and COrE [77] mis-
sions are desirable to improve the constraints. We referred to SUSY axion models as
concrete models for non-Gaussian dark radiation isocurvature perturbations and showed
that they offer distinct signatures on amplitudes in the primordial bispectrum. We have
also shown that non-vanishing SDR, imprinted in the lepton asymmetry, or the neutrino
density isocurvature perturbation, can be generated through the Affleck-Dine mechanism
without producing sizable extra radiation energy density. Since observational signatures
are the same as those in the isocurvature model of the extra radiation component, pri-
mordial non-Gaussianities in the neutrino density isocurvature perturbation can also be
constrained by CMB observations.
Extra radiation with ∆Neff ≃ 1 will be tested by the ongoing Planck survey with
high significance and its origin may be identified through the detection of extra radiation
isocurvature perturbations. Furthermore, isocurvature perturbations in dark radiation
can offer us unique information for consistent understanding of the early Universe and the
particle physics theory.
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